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On a certain relation between 






Given a natural number ݊, if ߨ is the prime-counting function, then 
 
ߨሺሺ݊ ൅ 1ሻଶሻ െ ߨሺ݊ଶሻ ൌ ߨሺ2݊ሻ െ ߨሺ݊ሻ ൅ 1 െ ߶்൫݊ଶ, 2݊, ߨሺ݊ሻ൯, 
 




Let ߨሺݔሻ be the prime-counting function [3]. 
 
Legendre's conjecture [2] is 
“There's always a prime between ݊ଶ and ሺ݊ ൅ 1ሻଶ.” 
That is, ߨሺሺ݊ ൅ 1ሻଶሻ െ ߨሺ݊ଶሻ ൒ 1. 
 
Bertrand's postulate [1] is 
“There's always a prime between ݊ and 2݊.” 
That is, ߨሺ2݊ሻ െ ߨሺ݊ሻ ൒ 1. 
 
In this paper, we prove a certain relation between Legendre's conjecture and Bertrand's 
postulate in terms of the following transformation of Legendre's function ߶ [4]. 
 
Given natural numbers ܯଵ, ܯଶ, and ݊, define the function 























Given a natural number ݊, if ߨ is the prime-counting function, then 
ߨሺሺ݊ ൅ 1ሻଶሻ െ ߨሺ݊ଶሻ ൌ ߨሺ2݊ሻ െ ߨሺ݊ሻ ൅ 1 െ ߶்൫݊ଶ, 2݊, ߨሺ݊ሻ൯. 
 
For example, take ݊ = 6: 
A) ߨሺ7ଶሻ െ ߨሺ6ଶሻ ൌ ߨሺ2 ڄ 6ሻ െ ߨሺ6ሻ ൅ 1 െ ߶்൫6ଶ, 2 ڄ 6, ߨሺ6ሻ൯ 
























C) 15 െ 11 ൌ 5 െ 3 ൅ 1 െ ሺ0 ൅ 0 ൅ 0 െ 0 െ 0 െ 1 ൅ 0ሻ 
D) 4 ൌ 4 
 
Corollary 1. 
Legendre's conjecture is true if and only if 
߶்൫݊ଶ, 2݊, ߨሺ݊ሻ൯ ൑ ߨሺ2݊ሻ െ ߨሺ݊ሻ ݂݋ݎ ݈݈ܽ ݊. 
 In particular, for fixed ݊, if ߶்൫݊ଶ, 2݊, ߨሺ݊ሻ൯ ൑ 1, then ߨሺሺ݊ ൅ 1ሻଶሻ െ ߨሺ݊ଶሻ ൒ 1. 
 More generally, if ߶்൫݊ଶ, 2݊, ߨሺ݊ሻ൯ is bounded above, then 
ߨሺሺ݊ ൅ 1ሻଶሻ െ ߨሺ݊ଶሻ ՜ ∞ ܽݏ ݊ ՜ ∞. 
Proof.  The first two statements follow from Theorem 1 and Bertrand's postulate. The 
third statement follows from Theorem 1, using the fact that ߨሺ2݊ሻ െ ߨሺ݊ሻ ՜ ∞ ܽݏ ݊ ՜ ∞, 
which Ramanujan proved in [6] (see also [1]). ז 
 





1. ࢀ√ࡺሺࡹሻ (Multiple-counting function) 
Given a positive integer ܰ, let ܯ denote a natural number such that උ√ܰඏ ൑ ܯ ൏ ൫උ√ܰඏ ൅ 1൯
ଶ. 
Define the multiple-counting function 
 
ܶ√ேሺܯሻ ׷ൌ ܯ െ ߶ ቀܯ, ߨ൫√ܰ൯ቁ, 
 
where ߶ is Legendre's function [4]. 
Then 
 

















where the numbers ݌௜, ݌௝, ݌௞,ڮ are the primes less than or equal to the square root of ܰ [5]. 
 




































Given a natural number ݊, if 
൞
ܪఉ೙
௡మାଶ௡ ׷ൌ ሺ݊ଶ ൅ 2݊ሻ ݉݋݀ ߚ௡  ;  0 ൑ ܪఉ೙
௡మାଶ௡ ൏ ߚ௡,
݊ଶ ൅ 2݊ ൌ ቞
݊ଶ ൅ 2݊
ߚ௡















































On the other hand, if 
ቐ
ܪఉ೙




































































3. Proof of Theorem 1 
Recall the definition of the function 
 





where ߟᇱ൫ߚ√ே൯ ൌ ඌ
ெభ ௠௢ௗ ఉ√ಿ ା ெమ ௠௢ௗ ఉ√ಿ
ఉ√ಿ
ඐ. (cf. section 1) 
 
Legendre's formula [4] is ߶ ቀܯ, ߨ൫√ܰ൯ቁ ൌ ߨሺܯሻ െ ߨ൫√ܰ൯ ൅ 1. 
 
From section 2, we have the following equation: 
 










This is equivalent to the equation 
 
2݊ െ ൫ߨሺ݊ଶ ൅ 2݊ሻ െ ߨሺ݊ଶሻ൯ ൌ 2݊ െ ሺߨሺ2݊ሻ െ ߨሺ݊ሻ ൅ 1ሻ ൅ ߶்൫݊ଶ, 2݊, ߨሺ݊ሻ൯, 
 











It follows, since ߨሺሺ݊ ൅ 1ሻଶሻ ൌ ߨሺ݊ଶ ൅ 2݊ሻ, that 
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